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A Hybrid Current-Power Optimal
Power Flow Technique

Whei-Min Lin, Member, IEEE, Cong-Hui Huang, and Tung-Sheng Zhan

Abstract—An equivalent current injection (ECI)-based hybrid
current-power optimal power flow (OPF) model is proposed in
this paper, and the predictor-corrector interior point algorithm
(PCIPA) is tailored to fit the OPF for solving nonlinear pro-
gramming (NLP) problems. The proposed method can further
decompose into two subproblems. The computational results of
TEEE 9 to 300 buses have shown that the proposed algorithms can
enhance the performance in terms of the number of iterations,
memory storages, and CPU times.

Index Terms—Equivalent current injection, nonlinear program-
ming, optimal power flow, predictor-corrector interior point algo-
rithm.

1. INTRODUCTION

i
PTIMAL power flow was first discussed [1] in ]96%}; d
took a long time to become a successful algorit

m that
not only in the system planning but also in the real-tir
tion for egyier systems in the deregulation environment

. ence [4] prévided an overall ntroduction on &’ :
tion method, gradient method, Newton’s method, and the linear
programming (LP) technique for solving ﬁ problems,

With Karmarkar’s publication  [5] 4in~ 1984,

rior point algorithms (IPAs) for the lmegggo I
quadratic programming (QP) have been p”. d.
years, the primal-dual interior pointsa (P
been extensively applied to solve problems
[6], [7]. state estimation [8], security constraine
optimal reactive power flow [10]. Numerical restilt
PDIPA has a great potential for solving problems
systems operation and planning, as compared with many co.
ventional methods, including the Newton’s method [11].

In 1992, Mchrotra proposed best-search directions thaf de
fined the predictor and corrector steps which then generated t =4
PCIPA [12]. The use of the PCIPA may improve the convergent

performance, resulting in a small number of iterations.
A current injection algorithm based on the use of a constant
nodal admittance matrix was described in [13], which discussed,
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~~generator power inj%g:é s handl
~are the key factors gecling coﬁgergem behaviors in developing

- of power
s

in a tutorial nature, that this algorithm cannot be used for gen-
eral power flow (PF) applications because a satisfactory method
of modeling generator PV nodes with currents has not yet been
developed, which could cause convergent instability or even di-
vergence.

Experiencing these PV difficulties in publishing [14], [15] by
the author(s), current based power flow of [14] was developed
for distribution networks enly, where generator PV buses are
not common and can be omitted, We can get a constant Jaco-
bian matrix which needs to be factorized only once. Reference
[15], ", cessfully implements the current power flow for high
voltage networks, with a new idea of resolving the PV bus by
¢ dctive power mismatch equation and an associ-
instead of the intuitive current conversion
ence. We can get a nearly constant Ja-
ator buses sti L;gung-,dependem and need
[ iteration. i’lf-A

rectangular-form currentsbased OPF, [16] did

ith rectangular nodal voltages‘ii@ill)?{anch currents
variables. The generator PV. problem was avoided

acing the PV bus with real anméq,ve power (PQ) di-
ectlys however, the oversimplification by re%cing PV with PQ
ling generator buses, Besides,

common practice in ind t
using KCL in [16], it wasAno\t n m lj)fxed how load and
‘ha for each iteration, which

N

a current-based model. Rcferencéfpﬂ developed a rectangular

voltage OPF%} 1e power flow equations are still PQ based.
not current. - iz
The constrained nonlﬁ%a‘g;%;imization problem in this paper

'A that permits the efficient and effective
:ts, of cquality (power flow) and inequality
¢ "he’ OPF uses rectangular form for both the
voltage and current, and current mismatch equations are used
or power flow calculation with the PV buses specifically treated
e model of [15] to ensure the numerical stability. The OPF
problem can also be decoupled into two small subproblems [18]
to furtherenhance the performance. Optimization can be accom-
plished by repeatedly solving the two subproblems.

1. NOTATION

The following symbols are used throughout this paper, Some
symbols are also defined in the text where they- first appear.

Symbols
A() Change in variables.
V() Differentiation operation.

0885-8950/$25.00 © 2008 IEEE



(), Subscripts denoting lower and upper limit.

()T Superscript denoting transpose.

(c)2ree Specified constant.

(-) Calculated value of each iteration.

P Active power.

Q Reactive power.

Vectors

w Lower limit slack variables for inequality
constraints,

w Upper limit slack variables for inequality
constraints. 4

z Lower limit dual variables for inequality
constraints.

Z Upper limit dual variables for inequality
constraints.

h Inequality constraints lower limit.

n Inequality constraints upper limit.

A Lagrangian multiplier for bowcr flows.

a Problem variables for minimum cost,

€ Column vector of ones.

Matrices :

Yo Real component of ¥ (admittange)

Yp Imaginary component of Y matr X

H Augmented Hessian mal

w Diagonal matrix: diag(w;)." N

w Diagonal matrix: d ‘

Z Diagonal matrix: diag(z;

Z Diagonal matrix: dieg(Z;).

III. EQUIVALENT CURRENT INJECTION MODEL
The complex bus voltages are defined in Cartesian fo

Vi=ei+ifi

where ¢; and f; are, respectively, the-real and imaginary com-

ponents of V.

A. Eguations for PQ Buses

From the transmission line = model in Fig. 1, the rectangular

form current injections are

L = {gijle: — ej) = bis(fi — f) = befi}
+ i {9ii(fi — f3) + bij(ei — €5) + bees}
I; = {gijle; — &) = bij(fj — fi) = befj}
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Fig. |. Transmission line equivalent = model.

-+ {bijle; —es) +gii(f; — fi) +bees} ()

where I; = I;p 4 ;s and I; = Ij, + 1. g

From above, the Newton-Raphson algorithm can be written
in the ECI form [14] at the kth iteration by considering all PQ
buses, that is

AIf,

(i [YG I—YB]
Vs | Yy

Ak 2
aft @

rer mismatches are defined by the specified value
ated (cal) value as

()

©)

| P*2¢ and (Q*P° can be
ent load [14] with the cal-

=LY+ 0% 7

1,7

Pi=RelVix It]=¢; Ly +fi L ®)
Vi =¢ + 2. . ©)

Using Taylor's expansion of (8) and (9) [15] to substitute for
AT in (4), it can get

Ae;

] [Jl I—Jz] Aej
AIVP Af;

Af;
Ji=[(ei-gij + fi Uy + Ly) (—eigij = fi “bi5)]
Jo=[(=ei o5+ fi- gij + i) (ei-bij = fi- 9i3)]




LIN er ul: HYBRID CURRENT-POWER OPF TECHNIQUE

Js = [26.'0]
Js =[2£;0] (10)

where

AR = PP — pest
AIV |2 IVapecl |V‘~m‘ |2
with b, = b;; + be. This implementation maintains the 2n x

2n Jacobian matrix structure with a pair of variables AP; and
A|V;|? for each PV bus.

IV. OPF PrOBLEM WITH PCIPA

A general version of the problem can be shown as

minimizing f(x)
s.t.

glz) =
h<hz)<h.

generator power, load, phase shifters and reactors f

trol, and the generator voltage, capacitor banks, and transformer

taps for Q control. For illustrative purposes, although a comp
power flow program of [14], [15] was used in this study, only
and V are used for control variables, i.e., the generator dispatc
able active power (Pg) is used for P control, and the voltage
magnitude (|V|) is used for Q control. The state variables are
rectangular voltages with real and imaginary parts (e, f). Limits
of the associated control variables P and V are considered for in-
equality constraints together with line limits of apparent power.

Again, as a common example, the objective function to min- _

imize the generator fuel cost is used. An OPF problem with
PCIPA of (11) may be formulated as

NG
Min_ f(z)= Z aiPg; + b Pg; +¢i (13)

i=1

subject to

tive functlons ",“'

1) g(z) by

—epec 4 Joal — }
= bus
e =0 [ < P
—Pg + Proaa + P2 =0
e vt o o e

(14

 where power balance constraints are given in (4) and (10).
2) h(z) by

st < s,,

e \ij
2
Si; < SL.ij

Pgi < Pgi < Pai
Vil* < (eF + f2) < VPP

(15)

fuel cost coefficients of thermal plant i;

i3 SL,ji

other control variables or objec-
d similarly as stated above,

As a more general’

LS (aiPE; + biPoi + i)

Im! Inpcc
= Im( Iapec -

_A P"’l Papcc_Pl “d —Z_G(P(;—w_(,"—&;_)

IVM‘I lvlpccl
+ ZG(PG +@G - Pe) - Zy (VP - wy — V)

ZL (VP - @5 - [V?) + ZZ, (S% + s - 57)
+Z$]1( +w5-1'_§f.)
N

-1 n(wg + TG + wy + @ + 555 + W55 (16)

i=1



where ;% > 0 is the TPA barrier parameter that monotoni-
cally decreases to zero as iterations progress. Based on the KKT
optimality condition, a set of nonlinear equations can be de-
rived from (16), and the corresponding set of linear correction
equations can be derived in sequence by applying the Newton's
method [7], [17], [19]. According to the KKT, the Hessian ma-
trix is obtained as

VL —JT -JT JE 0 0 Az VL
—JF 1> 0T @ Urly|ef A VL
-Jh 0 0 0 I 0| [Az|__|V.
J;‘- 0 0 § JOC | T ¢ AZ | V=L
0 0—— W ZP) Aw M
0 0 OV\W o0 Z Aw Vsl
(17)

where J, = V.(z), J» = V.h(z), and V2 £ shows as

m P
Val=Hy(e*) = 3" MHy(*) + ) (75 — 28) Hayla*).
j=1 i=1

The upper left block of (17) is an augmented Hessian ma®
trix. The elements of Hessian matrix are the second-o
tial derivatives of the augmented objective function wi
to all variables.

For iteration k, the Newton direction can be obta
solving the reduced system [19]

5 #llz)-gf

where

J,=V2L 4 (J{K"JL £

and then compute

Aw = JyAz
A= JrAz
Az= - p*W2Aw
Az = - "W AT, @1

After solving (19) and (21) for the adjustment terms at itera-
tion k, the barrier parameter ¢* was dynamically estimated by

*\ 2 ‘.
a2 e (0%
gap 2 X (nv + ne)
where 7 is the centering parameter with 7 € (0,1); nv and ne

are the numbers of variables and constraints, respectively. gap*
is the complementary gap considering variable updates; and gap

(22)

(18) 7
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is also a complementary gap without considering variable up-
dates [19]. We have

gap=wXz2+WXZE (23)

and

gap'=(g+ayxAg) X (z+aq x Az)
+(@ + ap X AW) X (Z+ap X AZ) (24)

where a;, and o are the step sizes of primal and the dual vari-
ables, respectively, They are chosen as

. { : [ @y Wy
Gp = I 4 & X 1min -_! jy—_:_.ji
1f(Au’JJ <0, AU,' < 0)] ,1} (25)

S e
AE]" AEJ’

if(Az; < 0,4%; <0)] ,1} (26)

27

o M

differs from IPA by (27) which introduces second-
s AW - AZ - &and AW - AZ - é. These nonlinear
f(27) can be solved by the predictor and corrector steps
. The OPF algorithm can be summarized in the flowchart
PCIPA in Fig. 2.

erical Advantage: Taylor series expansion of a quadratic
function terminates at the second-order term with no truncation
error, that is

f(z* + Az) = f(z*) + (a*)TAAz + %AxTAAm

= f(z*) + V(") Az + f(Az). (28)

From (28), it can be seen that if the objective function and
constraints can be modeled properly with linear or quadratic
functions [16], [17], control and state variables can be avoided
in forming the Hessian; otherwise, a general OPF problem
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Initialize primal and
dual variables

1

Compute and factorize
the correction matrix

Find the step sizes and
update all variables

Up barrier parameter

|

The predicter step I

That is, (40)

e
Ji =

decomposes into two submatrices as
[=bu oo —by o —by,
—1:7.'1 —;Jﬁ —Iim and
b oty v S

(bu e b evs Big

’“ S0 R O

‘ : ] 0w e S
TI lter = iter+1 l -bv:nl b,;..- :

Fig. 2. Flowchart of the PCIPA.

b’lﬂ

where J, ;’ is the Jacobi of the decoupled active subproblem and
Jy" is Jacobi of the decoupled voltage subproblem with posi-
tions ofithe PV buses replaced by 0 and 2.
could have these variables involved besides the Lagrangian The reéduced OPF problem can now be decomposed to two
multipliers. al prob
Note that from (17) and the Jacobi in (4) and (10), the pro- J
posed method has a nearly constant Jacobi Jy, except for a few
clements of the generator PV buses which need to be updated,
while the traditional Newton-Raphson OPF has a state-de, pen=
dent J,, which needs to modify all elements at each ite ration
and is time-consuming. Besides, the proposed method has a
coupled version where Jj, is constant without needing o
any element at all to gain more numerical advantages,
Decoupling: For PV buses, some assumptions
for simplification to further improve the performar
1) From (10), (gis - ei + biy - £:)2 + (gsy
(4, +12,), L » and I; ; are no mo
other components, and are negligi!
2) We have the general assumptions
* Vil cos8; > [Vi-sind; o
oGl =10 &
3) Network has low R/X ratio, that is, Re<
From (4) and (10), we can again get acons
shown in (29) at the bottom of the page.

active subproblem,

1 ted complementary
“acti ¢ subproblem variables. If

"€ Tepeat solving this subproblem
ntil.gap® [gap® < &; otherwise, go to step 2.

[ 0 0 _bln 1
0 - 0 b
0 0 -bnn
o M 3 = 29)
by by 0
bl e B 0
.bnl ¥ b1u' 0 J



Step 2) Run PCIPA to solve the voltage subproblem, and
compute the complementary gap" for voltage
subproblem variables. If gap®/gap® > €, repeat
solving this subproblem until gap® /gap® < ¢;
otherwise, go to step 3.

Step 3) Update all variables.

Step 4) i =i+ 1, check convergence of the subproblems.
If the PCIPA barrier parameter z* is greater than
€4, gO to step 1.

END DO

At steps 1 and 2, thresholds gap® /gap® and gap® Jgap® are
used to control the number of iterations to solve the active and
voltage subproblems, respectively. This feature can help the ro-
bustness of the approach

Starting Point: A strictly feasible starting point is not
mandatory for most IPA described. However, the primal and
dual slack variables (2, %, w,@) must be strictly positive [17],
[21]. TPA performs better if some initialization heuristics are
used for defining a proper starting point [18]. The heuristics
implemented are

* toestimate the primal variables z° as given in the base case,

or as a flat start using the middle point between the upper
and lower limits for the bounded variables; :

* the primal slack variable can be chosen arbitrarily,

W =h- b :

* the Lagrange multipliers A° can be simply set 1o

2° can be set to one.

Stopping Criteria: The PCIPA iterations arc
minated whenever

44" <e
lAzflec <ér
lla(=*)]| 4

are satisfied, where ¢, = 10~ an
ical values and € = 100. If criteria
lAg(z*)||co < €. are satisfied, then primal ility, scaled
dual feasibility, and complimentarily conditions are all satis-
fied, that means iteration & is a KKT point of accuracy &, [1
When numerical problems prevent verifying this condi
the algorithm stops as soon as the feasibility of the equ
constraints is achieved along with very small fractional chang
in the objective value and negligible changes in the variables
[17].

V. NUMERICAL RESULTS

This section presents some numerical results obtained with
the implementation of PCIPA. The algorithm is tested on six
different networks. All routines are written in MATLAB and
run on a Pentium IV 2.8GHz with 516 Mb RAM. Table I
shows the dimensions and summary of the test problems.
The same minimization problem has been solved by three
OPF codes including the rectangular ECI_OPF, decoupled
ECI_OPF (D_ECI_OPF) of this research, and the traditional
polar OPF (NR_OPF). Note that the LU decomposition was
used in ECI_OPF and D_ECI_OPF, and the NR_OPF is based

IEEE TRANSACTIONS ON POWER SYSTEMS, VOL. 23. NO. |, FEBRUARY 2008

TABLE 1
TEST PROBLEM STATISTICS
Problem| Size of Index Sets ECI_OPF NR_OPF
(BUS) | IN| [I G| | B] [Variables Consuainlsvihbﬁ*m
9 9 3 9 24 66 23 66
14 41512 38 116 37 116
30 6 41 72 226 71 226
57 57 7 | 80 28 416 127 416
118 118 | 54 | 186 344 1060 343 1060
300 | 300 | 69 | 411 | 738 2298 737 2298
IN|: number of buses, |G|: number of : number of branches,
Iterations
0 4 8 12 16
0
3 S kol
2w o
e St K
o
-4
ERU
élo‘
£
=

erator active/reac!
each case.

g. 3 shows the convergent errors
ee methods, with the stopping criteria set
en that ECI_OPF converges nicely, and

sindeed a better algorithm than NR [11].
and D_ECI_OPF need more iterations than ECI_OPF.,

R N

) . The complementary gap is a very important
0 judge the optimality of solutions, and its changes
reflect the characteristic of the algorithm. Fig. 5 shows how the
gap and gap* reduce with iterations for ECI_OPF. A good al-
gorithm should decrease the complementary gap to zero mono-
tonically and rapidly.

Performance Test: Table I shows the performance of all three
methods. To assess the relative performance of the two proposed
methods, each of the six systems was dispatched and started
from two different starting points with and without heuristic
rules. In all cases, the three algorithms performed well, with the
number of iterations insensitive to the dimension of the prob-
lems. When converged, these methods always reached the same
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900

-~ -+ ECI_OPF
-+ NR_OPF
a0 | -+ D_ECI_OPF
e
o
=
g so0
7
E S e e Y
- 7L P S e i O A
0 5 10 15
Iterations

Fig. 4. Objection function value for 30-bus system.

10° 7
1 S Y

1 \‘K

£ 1 S

> %

107 \\

10°

4
Iterations

Fig. 5. ECI_OPF guap and gap* valuc for 30-bus system.

TABLE 11
ITERATIONS AND CPU TIMES OF NLP

ECI_OPF D_ECI_OPF

Problem
(Bus) |_(0Pele2) | (typotiyped) JEFNROPF
Itcrations| time (s) |lterations| time ions | time (s

9 88 |0.08/0.08] 15/15 |0.07/0.0 14 .58
14 8/7 0.18/0.16 | 16/15 | 0.10/0. 15 1.17
30 /7 10.86/0.67 | 16/15 | 0.71 4.88
57 10/8 | 1.97/1.64 | 1917 | 1.71/1.52 14.47
118 12/11 16.39/595| 21/1 517 55,
300 16/14 |40.8/38.23| 24/22 74

type 1: without heuristic rules for starting point.
type 2: with heuristic rules for starting point.

Time {s)
00 -

OD_ECI_OPF BWECI_ OPF MNR_OPF

W

00
L)
3

30 57 ns
Number of systom buses

Fig. 6. CPU time comparison for type 2.

TABLE III
RESULTS OF DIFFERENT COORDINATION OPF WiTH PCIPA
i Method| go1_opr|Ec_opF|p_opr

ask
Ticmaions 16 5 2
CPU time| 071 0.86 | 2.20
Nonzero elements 1437 2598 4026

50000 - B

ok o BECL OFF =D XC1 orr

120000 & D

2

Non-zero Elements

the traditional
. Table III shows
or the IEEE 30-bus
stem, where no fules the starting points.
All the OPF con "t solution, but D_ECI_OPF
: mers with less iterations and
ents of the proposed Hessian
f the polar OPF.
Fig. 7 also shows the number

tly bigger structure than NR Hessian. Using the ECI
is disadvantageous for smaller systems, such as the
bus systems. As the system grows, ECT method will
outperform’NR greatly since ECI matrix is sparse and contains
mostly zeros, including both the Hessian and Jacobian matrices.
For a daily operating large power network, ECI_OPF will have
more advantages.

Robustness Test: Two cases are shown for the 30-bus system,
which is known to be a relatively weaker system for testing.

A. Heavy Load Test

Fig. 8 is a heavy load test at bus 30. The load is adjusted by
multiplying a factor Wy that ranges from 0 to 2.1. When W is
1.8, voltage sag occurs (0.94869 p.u.) at bus 30, and OPF needs

solution. In Table [T and Fig. 6, we can observe that D_ECI_OPF  more iterations to converge. Increasing W, the system further
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50 e ) -+ ECI_OPF
B
33 ~+ECI_OPF 85 b - NR_OPF
ol 25 _..?--"""JA -=-NR_OPF 20 = P ¥ y -4 D_ECI_OFF
s .:—I——-.‘—.—l «D_ECT_OPF 0 fos ——
R S
o
| B ~ 1 5 sr |0
'E = E wm ; 3 4 405 41 415 a2
i . . “'"_.‘Zf—;!-‘.’ :_5.;. i R T 16 ”/-?\
| —
15 1’8 s B = = AT S .
L —— e e, = 1 s ﬂ
° ° ) 9 10 bl 9 10 %
A A T T T g *
> X . ) i
0 e 0 e 12 15 18 21 ¥
Wi=load multiplier L3 1 3 3 . . P
K=r/x
Fig. 8. Heavy load test at bus 30,
Fig. 10. R/X ratio test.
0
0 »
5 7 ®__a e TABLE IV
@t s o +D_ECI_OPF OF DIFFERENT STARTING POINT BY MULTIPLYING A FACTOR §
0 : N ECI_OPF s D_ECI_OPF
530 iz 12 13 5 Iterations [ Cost [$/h Iterations | Cost [$/h
an 4 -
§,, . BB et u 07| 8 77539 109 15 | 77539
I IS R 0] 9 77539 |10 16| 77539
o wLow B3 15 33 10 77539 |18 18 775.39
10
— s ° 1 1 1 o
7

~ 095 1 Los 1 115 12 125 3

: 'f;“ limits (lower/upper than 0.66/3:36 for ECI_OPF,
Wi=load multiplier e

IPA may

Fig. 9. Heavy load test for 30-bus system. ‘different so-

weakened, D_ECI_OPF can sustain a W 4
is the most robust. 4%

The system worsens by adjusting a factg
the same time, as shown in Fig. 9.
0.95 to 1.3, When W, is 1.2, overléad occurs
and all methods need more iterations to ¢onverge.
get worse, the network will have more and

- In this paper, a ame as been presented. The
* algorithm uses th formulation in the Cartesian co-
ordinates and PC; i ulations on IEEE standard
systems from 9 have verified that the proposed

B. R/X Ratio Test

Fig. 10 is an R/X ratio test for the three OPF methods. The
R/X ratio is adjusted by multiplying a factor K that ranges from .
0.5 to 6.0. Full coupled OPF is insensitive to the R/X ratio, and eds much lower storage for networks;

S * ECLis accurate, robust, and very fast;
D_ECI_OPF converges up to K > 4.15, which is robust Shough * a decoupled form D_ECI OP;‘yexists which can outper-
for most high voltage networks, S

Starting Point Test: Since PCIPA is sensitive to the startin 2 ;‘:;nne‘:sc; ‘:f:::isz:;::?s' = P xiust, cllicieot,
points, different settings were used to evaluate the impacts. All : ? i X
variables of starting points including primal, Lagrange multi- full ECI_OPF can be used for extreme environments.
pliers, primal slack, and dual slack variables were all adjusted

T uses IPA with predictor-corrector mechanism which
an effectively solve a modified OPF problem for min-

by multiplying a factor S for ECI_OPF and D_ECI_OPF. From REFERENCES

Table IV, it can be seen that with S in the feasible range 0.67 [1] J. Carpenticrs, “Contribution a. ‘I'etude du dispatching economique,”
~ 3.35 for ECI_OPF and 0.87 ~ 1.86 for D_ECI_OPF. the two Bull, Soc. Francaise Elect., vol. 3, pp. 431447, 1962.

methods converge to the same solution without using heuristic L) . Fiuncdull and F. D. Galiana, *A survey of the optimal power flow

b RS : litcrature,” IEEE Trans. Power Syst., vol. 6, no. 2, pp- 762-770, May
rules. When the starting point is infeasible and set too far off 1991.
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